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The phase transition in bended and twisted ribbonlike polymer systems is described in meanfield approxi-
mation by use of the lattice model with directed self-correlated walks. This phase transition can be of either
first or second order depending on the ratio of the constants in the effective energy of interaction of a polymer
with the environment. For the first-order phase transition it is found, in particular, that the phase transition
temperature depends on polymer length, decreasing linearly with reciprocal length for lengths exceeding 100
monomer units. On the other hand, the jump of the specific entropy is independent of the polymer length for
the molecules containing more than 30 monomers. The obtained results are in full agreement with the existing
experimental data.
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I. INTRODUCTION

The polymers consisting of macromolecules with aniso-
tropic bending rigidity and rotational degrees of freedom
show a number of very interesting properties, for example,
when cooled, liquid alkanes convert firstly into the so-called
rotator phase and thereafter into a crystalline state �1�. As
was shown experimentally �2–6�, the rotator phase of normal
alkanes can be observed only for rather short macromol-
ecules consisting of 10-100 monomer units. This rotator
phase is characterized by a nematic chain ordering while the
rotational degrees of freedom remain disordered, thereby in-
creasing the entropy of the system. It transpires that there are
five types of rotator phases that differ in packing of oriented
chains; however, all of them have the monomolecular lay-
ered structure.

Usually, the formation of a rotator phase is described as
nematic ordering �7� in the framework of the nematic poly-
mer theory �8–12�. The first theoretical model of orienta-
tional self-organization in polymer systems was given by
Onsager �8�, who considered the lyotropic transition of a
dilute solution of long rigid rods into a nematic phase. The
Onsager model was generalized later on to the case of con-
centrated systems of long semiflexible polymer molecules
�9�. At the same time, the phenomenological mean-field ap-
proximation describing nematic ordering in polymer systems
was developed �7,10,11�. The latter was based on the Kratky-
Porod model �12�, which allows only small bends of a mac-
romolecule due to thermal fluctuations; i.e., the persistent
mechanism of polymer flexibility. Note that in the theories
based on the Kratky-Porod model, the two important circum-
stances are omitted. First, the persistent mechanism of chain
flexibility excludes the possibility of large local bends of the
macromolecule. Second, in the framework of the nematic
theory, the rotational degree of freedom has no effect on the
formation of a rotator phase. The first restriction is essential
only for rather short wormlike chains, while the second pre-
sumption, in our opinion, should be revised. Indeed, the ro-
tational symmetry in the rotator phase is broken and weak
correlations in the distribution of the rotational degree of
freedom can arise, although integrally the rotational degree
of freedom remains disordered.

Both abovementioned circumstances can be taken into ac-
count in the context of the discrete semiphenomenological
model of directed self-correlated walks on the regular lattice
�DSCW� �13–15�. The model has been applied to the de-
scription of conformational statistics of polymer chains with
arbitrary rigidity and length �16–21�. The modification of
this model allows one to consider the local bending aniso-
tropy of a macromolecule and to describe the conformational
statistics of the ribbonlike polymers possessing a rotational
degree of freedom �22�. Moreover, this modification also en-
ables one to analyze the influence of all these macromolecu-
lar properties on the formation of the rotator phase and
serves as a base for the following consideration.

II. MODEL OF THE SYSTEM

The anisotropic bending rigidity and rotational degrees of
freedom of polymer molecules that can form the rotator
phase are related to their anisotropic cross sections. Indeed,
each monomer of such molecules is to be thought of as a
three-axial ellipsoid but not as a cylinder, and the conforma-
tional state of the molecules, being anisotropic in cross sec-
tions, is determined by relative orientations of axes of the
neighboring monomers. Thus, the possibilities of the bends
of a molecule in the directions of the second and third axes
are not equivalent and, in addition, a new degree of freedom,
which is connected with the relative orientation of the neigh-
boring monomers of the chain in the plane perpendicular to
molecule contour, is to be taken into account. This degree of
freedom corresponds to the internal twist of a macromol-
ecule and is called a rotational one. If the anisotropy of mac-
romolecules is strong enough, these polymers are referred to
as ribbonlike polymers. These polymers are the object of our
analysis.

The local feature of ribbonlike macromolecules can be
taken into account by considering each monomer as an el-
ementary object characterized by an additional parameter
called “polarization,” which corresponds to the rotational de-
gree of freedom and determines the local anisotropy of stiff-
ness. The change of polarization �without a bend� corre-
sponds to the twist of a chain. At the same time, depending
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on polarization, the bending of a chain can be realized as
follows: bending from the direction x only in the direction y,
from the direction y only in the direction z, and from the
direction z only in the direction x; i.e., according to a cycle
of the right-hand triple of vectors: x→y→z. Another pos-
sible direction of bending is the left-hand triple of vectors,
x→z→y; i.e., from the direction x only in the direction z,
from the direction z only in the direction y, and from the
direction y only in the direction x. We name these two types
of polarization as right-hand and left-hand polarizations, re-
spectively. Note that at each bending of a chain, the chain
polarization changes to the opposite one1.

Let us consider random walks of a “particle” on a regular
cubic lattice. The probability of a direction choice at each
following jump depends both on the jump direction and on
polarization “of the walking particle” of the previous step.
Such random walks correspond to DSCW. The pathways of
the particle that performs such a random motion corresponds
to the conformation of a ribbon-like chain of arbitrary rigid-
ity.

Let e�n� be the vector depending on the jump at the nth
step of a random walk, which means the position of the nth
monomer of the chain. The stiffness and polarization of a
macromolecule are specified by distribution of conditional
probabilities of the direction and polarization at step �n+1�,
e�n+1�, at the given direction and polarization of the previ-
ous step, e�n�. The possibilities are as follows: a particle may
maintain the direction �with probability �1−��� or move in a
perpendicular direction that is allowed by polarization �with
probability ��. Analogously, let the probability to maintain a
given polarization be �1−�� and the probability to change
polarization be �.

Assuming that bending and twisting �polarization change�
are thermally activated processes the appropriable probabili-
ties are given as follows:

��T� =
exp�− E�/T�

1 + exp�− E�/T�
, ��T� =

exp�− E�/T�
1 + exp�− E�/T�

, �1�

where E� and E� are the activation energies for bending and
twisting, respectively.

The state of the nth monomer of the chain is determined
by the column vector of the probability distribution of direc-
tions and polarizations of the nth step of the walk. Since we
are interested only in the phenomenon of orientational self-
organization of polymer chains, each monomer of these
chains can be considered as a directional line but not as a
vector, and the appropriate column vector of the probability
distribution can be expressed as a direct product of two col-
umn vectors:

�P�n�� = �p����n�� � �p�c��n�� , �2�

where the index � corresponds to “polarization” and the in-
dex c corresponds to the three directions of the coordinate
axes x, y, z.

The column vectors of the probability distribution at nth

and �n+1�th steps are connected by the transfer matrix T̂:

�P�n + 1�� = T̂�P�n�� . �3�

The 6�6 transfer matrix T̂ can be represented as the sum
of direct products:

T̂ = �1 − ��� � I�c� + ���+ � U + �− � U−1� , �4�

where I�c� is the unit 3�3 matrix and

U = �0 0 1

1 0 0

0 1 0
�, � = 	1 − � �

� 1 − �

, �+

= 	0 0

1 0

, �− = 	0 1

0 0

 .

The distribution function of orientation and polarization
of monomers is expressed through the powers of the matrix

T̂ �20,21�. The matrix blocks � and �± do not commute and,
therefore, the problem of the calculation of the distribution
function is reduced to the diagonalization of the 6�6 matrix;
i.e., to the solution of an algebraic equation of the sixth order
which, in general, has no analytical solution. One can apply
instead the method of the generating function that is com-
monly used for the study of systems with a varying number
of particles.

The generating function

Ĝ��� = �
n=0

�

�nT̂n �5�

can be represented as the 2�2 block matrix, the indexes of
which correspond to the polarization, and each block is a 3
�3 matrix.

Depending on the polarizations of monomers located at
the ends of a chain, denoted by “�” and “�,“ corresponding
equations for the matrix elements of the generating function
have the following form �see Appendix A�:

G+,+��� = G−,−��� =
1 − ��1 − ���1 − ��

6�� + �1 − ����

�	 1

� − �3
−

1

� − 1

�1 1 1

1 1 1

1 1 1
�

−
1 − ��1 − ���1 − ��

3��2 − ��1 − ��� + ��1 − ����2

�	 1

� − �1
−

1

� − �2

�− 1 1/2 1/2

1/2 − 1 1/2

1/2 1/2 − 1
� , �6�

G±,���� = �D���B�G+,+��� , �7�

where

D��� = �1 − ��1 − ���1 − ���−1, B± = �1 − ���I + �U±1,

1Such a description of ribbon-like macromolecules is quite rea-
sonable from a physical point of view. At the same time its rigorous
substantiation is beyond the framework of this paper and was given
in previous work �22�
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�1,2 =
1

�1 − ���1 − �� ± ��2 − ��1 − ��� + ��1 − ����2
, �3

=
1

2�1 − ���1 − �� − 1
. �8�

The use of this method allows one to analyze the orienta-
tional self-ordering of the system of ribbonlike polymer
chains by taking into account both bending and rotational
degrees of freedom.

III. ORIENTATION ORDERING OF CHAINS WITH A
TWIST DEGREE OF FREEDOM

Since we are interested in the self-ordering of a nematic
type, we have to indicate a preferential direction along which
a chain will be oriented after the spontaneous symmetry
breaking. Let this preferential direction be the z-axis. The
extent of ordering can be described by order parameter 	
which can be defined in the following way:

	 =
nz − n�

nz + n�

, �9�

where nz is the fraction of monomers directed along the
z-axis, and n� is the fraction of monomers in the perpendicu-
lar directions �nx=ny 
n��, so that nz+2n�=1.

In the case of the isotropic space orientation of mono-
mers, nx=ny =nz, and hence 	=0. In the opposite case of a
full nematic ordering, all polymer units are oriented in the
z-direction, which leads to 	=1. The negative values of the
order parameter correspond to the prevailing planar orienta-
tion of the chain, but this case is of no interest to us.

Until now symmetrical systems have been considered. If
symmetry is absent, and the transition from x- and
y-directions to the z-direction is preferable as compared to
the transition in the opposite direction, then the probability
of these transitions �+�	� is larger than the original one �,
�+�	�
�, while the probability of the opposite transition
�−�	� is smaller than �, �−�	���. At the same time, if the
system remains symmetric in the x-y plane, the probabilities
of x→y and y→x transitions have equal �.

The functions �±�	� should be monotonic, having the fol-
lowing “boundary” conditions:

�+�	� = �1 − �+�T� , 	 = 1,

� , 	 = 0,
� �−�	� = ��−�T� , 	 = 1,

� , 	 = 0,
�

�10�

where ��1−�+�T�, �−�T���, and �±�T→0�→0.
The functions �±�	� can be approximated by an

Arrhenius-type form,

�±�	,T� =
exp�− �E� � E�	��/T�

1 + exp�− �E� � E�	��/T�
, �11�

where E�	� is the energy gain of the monomer with the
orientation along an effective field. Due to the symmetry,
�+�−	�=�−�	�, E�	� should be the odd function of 	.

In line with definition �10�, the functions �±�T� are ex-
pressed in terms of the functions �±�	 ,T�, defined in �11�,
which give

�+�T� =
1

1 + exp��E�1� − E��/T�
, �−�T�

=
exp��E�1� − E��/T�

1 + exp��E�1� − E��/T�
. �12�

The matrices B± and D���, describing chain bends and
straight line portions of molecule, respectively, have to be
modified due to the symmetry breaking. As shown in Appen-
dix B, the properties of the generating functions Gi,j��� are
determined by the generating function G0��� of the symmet-
ric case, which has the form

G0��� = ���0
1

1 − �
��̃�0 + �

j=1,2
��� j

1

1 − � + 
 j���
��̃� j , �13�

where 
1,2��� are the nonzero eigenvalues of the matrix
W���D0

−1��� �
0=0� and ���i are the eigenvectors of this ma-

trix; ��̃�i · ���k=�ik. The matrices W��� and D0��� have the
following form:

W��� = ��+� + �−�+ − �� − �−�−

− �+� �� + ��+ − �+�−

− �−�+ − ��+ �−�− + �+�−
�, D0���

= �d1 0 0

0 d2 0

0 0 d3
� , �14�

where d1=1/z++�+ /z+�+ /z−, d2=1/z+� /z++� /z, d3=1/z−
+�− /z−+�− /z+, �±,0=��1−�±,0�� /z±,0, �±,0=��±,0 /z±,0, z±,0

=1− �1−���1−�±,0�� �0 corresponds to index absence�. Note
that the functions 
1,2��� depend on parameters �±,0 and �,
and this fact is of major significance from a physical point of
view.

One must now perform the averaging over all the possible
polarizations and orientations of monomers in a chain. The
averaging over orientations of the N monomers can be writ-
ten in the form of the contour integral

ni =
1

N
�
n=1

N
1

2�i
� 1

2 �
�,�=1,2

j=x,y,z

Gi,j
������nj

0�
d�

�n+1 , i = x,y,z ,

�15�

where nj
0 define the orientation of the first monomer in a

chain containing N monomers, and brackets �¯�. denote av-
eraging over all chains of the system. Note that the structure
of the generating functions G����� results in the fact that
orientation distribution of chain monomers is isotropic in a
plane perpendicular to the nematic axis �nx=ny�, which is
specific for nematic ordering.

The extent of the ordering of the environment of a trial
chain in a mean-field approximation should be regarded as
equal to the one of the trial chain. This means that after
averaging, the orientation of the first monomer of a chain
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should be equal to the averaged orientation of all the mono-
mers �i.e., �ni

0�=ni�, and values of the parameters �±�	 ,T�
have to correspond to the same extent of the ordering �the
order parameter 	 is defined by ni in Eq. �9��. Such approxi-
mation results in the fact that Eq. �15� is, indeed, the self-
consistent equation determining the state of the system.

The integral in Eq. �15� is determined by the poles of the

matrix Ĝ0��� �13�, which are located outside the unit circle in
the complex plane �. However, for long chains �N→��, only
one pole, �=1+0, has to be taken into account since the
contribution of poles with ����1 tends to zero due to the
limit N→�. The required pole of the matrix G0��� corre-
sponds, according to �13�, to a zero eigenvalue of the matrix
W���D0

−1���. Taking into account all of these facts, the frac-
tion of monomers oriented along each axis can be easily
calculated:

�nx

ny

nz
� =

1

�1 − ���+ + 2�1 − �� + �+�/2��−

���1 − �� + �+�/2��−

�1 − �� + �+�/2��−

�1 − ���+
� . �16�

Substituting �16� into �9�, we obtain the following self-
consistent equation:

	 =
�1 − ���+�	� − �1 − �� + �+�	��/2��−�	�
�1 − ���+�	� + �1 − �� + �+�	��/2��−�	�

. �17�

It transpires that Eq. �17� does not contain the argument �
that defines the chain polarization distribution. This has an
obvious explanation: the interaction of the chain with an en-
vironment in fact depends on neither the environment polar-
ization nor the local polarization of the trial chain.

By introducing the denotations

w�	,T� = 1 −
�+�	� − �

2�1 − ��
= 1 −

1 − exp�− E�	�/T�
2�1 + exp��E� − E�	��/T��

,

r�	,T� =
�+�	�
�−�	�

=
1 + exp��E� − E�	��/T�
1 + exp��E� + E�	��/T�

,

one can represent the Eq. �17� in a more convenient form:

w�	,T� =
1 − 	

1 + 	
r�	,T� . �18�

The function w�	� decreases monotonically on the inter-
val 	= �0,1� from the maximum value w�	=0,T�=1 to
w�	=1,T�=w1�T�. As a function of T, w1�T� increases in
T= �0,�� from w1�T=0�=0.5 to w1�T=��=1.

Since the left-hand side of Eq. �18� is monotonic in 	, the
number of solutions of �18� is determined by the right-hand
side of �18�; namely, by the function

h�	,T� =
1 − 	

1 + 	
r�	,T� =

1 − 	

1 + 	

1 + exp��E� − E�	��/T�
1 + exp��E� + E�	��/T�

,

�19�

which can be both monotonic and nonmonotonic depending
on its parameter values.

It can be easily seen that 	=0 is a trivial solution of Eq.
�18�. The existence of other solutions is determined by the
energy of the interchain interaction E�	�. For physical rea-
sons, it is clear that this energy E�	� has to increase mono-
tonically with the increase of the ordering in the system. Let
us use the polynomial form of the function E�	� for the
quantitative analysis. Since E�	� is an odd function of 	, the
first terms in the series are

E�	� = E1	 + E3	3. �20�

In order to find the numerical solution of Eq. �18�, it is
convenient to use the dimensionless parameters �=E1 /E�

and �3=E3 /E�, and the reduced temperature �=T /E�. The
parameter �3 defines the extent of nonlinearity of the inter-
chain interaction. The parameter � defines a ratio of interac-
tion energy of monomer with environment and elastic chain
bend energy. We set �=0.5 for the numerical calculations2.

The numerical analysis shows that, depending on the
value of the coefficient �3, two different types of solutions
are possible. There are zero solutions of Eq. �18� for com-
paratively high temperature independent of the value of �3.
The nontrivial solutions of Eq. �18� appear only for compara-
tively low temperatures, and their structure depends on the
value of the coefficient �3. For �3��3cr, only one nonzero
solution exists for all temperatures �Fig. 1�a��. However if
�3��3cr, Eq. �18� has three nontrivial solutions within some
temperature interval and only one nonzero solution for a low
temperature �Fig. 1�b��. The transition between these two
types of behavior occurs at �3cr=0.3 for �=0.5.

The appropriate bifurcation diagrams are shown in Fig. 1.
For �3=0.2 ��3��3cr� the ordered phase appears continu-
ously, which corresponds to the phase transition of the sec-
ond order. For �3=2 ��3��3cr�, however the ordered phase
appears abruptly, corresponding to the first-order phase tran-
sition.

Hence, for the weak nonlinearity of effective interchain
interaction, as for the excluded volume system wherein steric

2Such a choice of � results in good agreement with experimental
data.

FIG. 1. The order parameter 	 as a function of reduced tempera-
ture �. �a� �3=0.2, �1=0.462 and �b� �3=2, �1=0.462, �2=0.707.
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interactions are dominant, transition into a nematic state is of
the second order, as in the classic Onsager model �8�. How-
ever, if the nonlinearity of effective interchain interaction is
large enough, transition into the nematic state is of the first
order.

IV. EFFECTIVE FREE ENERGY OF POLYMER
MACROMOLECULE

As one can see from Fig. 1�b�, transition from the isotro-
pic to the nematic state occurs at any temperature �1, while
the reverse transition from the nematic to the isotropic state
takes place at a different temperature �2, which represents the
hysteresis. However, if the temperature is being changed
slowly, the phase transition point is determined not by kinetic
but by thermodynamic properties of a system. Therefore, in
order to determine the temperature of the first-order phase
transition, one has to calculate the free energy of a system in
both disordered and ordered states and find the temperature
�cr at which these two values of the free energy are equal.
Clearly, �1��cr��2.

In general, finding the exact form of the free energy of a
macromolecule is a hard task. However, one can construct an
approximating form of free energy per monomer F�	 ,T� by
using some simple arguments. Equation �18� has to be
equivalent to the minimum of the free energy; i.e., it must be
equivalent to the following equation:

�F�	,T�
�	

= 0. �21�

As shown in Appendix C, one can rewrite Eq. �21� in the
following form:

�F�	,T�
�	

=
4T

�3 − 	�2�ln
1 + 	

1 − 	
− ln

r�	,T�
w�	,T�� = 0. �22�

Integration of Eq. �22� gives the effective free energy of
macromolecule F�	 ,T� per one monomer unit as

F�	,T� =
T

3 − 	
��1 + 	�ln�1 + 	� + 2�1 − 	�ln�1 − 	�

− 3	1 −
	

3

ln	1 −

	

3

� − 4T�

0

	 ln�r�x�/w�x��
�3 − x�2 dx ,

�23�

where the 	-independent part of the free energy, F0, is omit-
ted, at 	=0.

This form of free energy �23� differs from the usually
used fourth-power polynomial in 	, with temperature-
dependent coefficients. Although one can bring �23� to the
latter form using the Taylor series, this series expansion re-
sults in no new features of the system, having changed the
values of critical points to only a small extent.

Graph of free energy �23� is shown in Fig. 2. At high
temperature there is only one minimum at 	=0 �curve 1�. An
additional local minimum appears at the reduced temperature
�=�2, and the value of function F�	 ,T� at this local mini-
mum is higher than that at 	=0 �curve 2�. At phase transition

temperature �cr, the function F�	 ,T� in both minima become
equal �curve 3�. Finally, at temperature �=�1, the local mini-
mum at 	=0 disappears, converting into a local maximum
corresponding to an unstable state of the system �curve 4�.
The reduced temperature �cr ��1��cr��2� of the first-order
phase transition for the parameters used in the bifurcation
diagram �Fig. 1�b�� was obtained numerically �cr=0.655.

It should be noted in conclusion of this section that one
must include: the kinetic, rather than thermodynamic nature
of the first-order phase transition. Including the latter will
mean that the isotropic-nematic phase transition will be ac-
companied by a hysteresis which was, indeed, observed ex-
perimentally �6�.

V. PHASE TRANSITION TEMPERATURE DEPENDENCE
ON CHAIN LENGTH

All of the above analysis refers to asymptotically long
polymer chains. In fact, we assumed that the persistent
length in disordered and ordered phases is much smaller than
the contour length of a chain; i.e., the number of Kuhn seg-
ments of the chain is large. We now wish to generalize our
analyses to relatively short chains, for which the contour
length of a macromolecule is of the order of its persistence
length. Such a situation takes place, for example, for oligo-
mers.

In order to take into account the finite length of a polymer,
one has to keep finite the parameter N in Eq. �15�. That
means that the others poles of the generation G0��� �13� are
to be taken into account. However, in the framework of our
approximations, the inclusion of only two poles �1,2 with the
smallest absolute values results in the necessary corrections
of Eq. �18�. Thereafter, according to the calculations per-
formed in Appendix D, the self-consistent equation has the
following form:

w�	,T� +
3 − 	

1 + 	
�−�	��r�	,T� + 2w�	,T���0�N,�1,�2�

=
1 − 	

1 + 	
r�	,T� , �24�

where

FIG. 2. The free energy F as a function of the order parameter 	
for different values of the reduced temperature ��3=2�. �1� �=1
��2; �2� �=�2; �3� �=�cr; �4� �=�1; where �1=0.462, �cr=0.655,
�2=0.707.
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�0�N,�1,�2� =
�2�N,�2� − �1�N,�1�
�2�N,�2� + �1�N,�1�

, �1,2�N,�1,2�

=
1 − exp�− N/N1,2�

N/N1,2
,

N1,2 = 1/ln��1,2� . �25�

Comparison with the results of the previous section shows
that a finite length of the chain results in the following gen-
eralization of function w�	 ,T�:

w̃�	,N� = w�	� +
3 − 	

1 + 	
�−�	��r�	� + 2w�	���0�N,�1,�2� .

�26�

Function �−�	� remains unknown in Eq. �26�. Although it
is difficult to find the exact form of this function �−�	�, it is
sufficient for our purposes to take into account that this func-
tion is proportional to �2�	�−�1�	�,

�−�	� = k���2�	� − �1�	�� . �27�

It turns out that this approximation describes correctly the
behavior of function �−�	� in a qualitative sense: function
�−�	� vanishes at 	=0, afterwards increases initially with 	,
then attains the maximum �which depends on temperature�,
and finally decreases when 	 approaches unity.

The generalization of the free energy for a macromolecule
of arbitrary length N can be easily calculated from Eq. �26�:

F�	,T� =
T

3 − 	
��1 + 	�ln�1 + 	� + 2�1 − 	�ln�1 − 	�

− 3	1 −
	

3

ln	1 −

	

3

�

− 4T�
0

	 ln�r�x�/w̃�x,N��
�3 − x�2 dx . �28�

Note that the free energy �28� depends implicitly on both
the twist and bending rigidities, ��T� and ��T�, through the
poles �1,2 in Eq. �13�.

Numerical analysis shows that the best agreement with
the experimental data occurs for the following values of the
parameters: the ratio of energy parameters E� and E� in Eq.
�1� is equal to 2 �E� /E�=2�, the dimensionless coefficient k�

is equal to 4, and the effective length of monomer of a model
chain is 5% less than a monomer of the real chain. Such a
choice of parameters gives a quantitatively correct estimation
of the temperature of phase transition as well as of other
experimental data. The latter requires taking into account the
rotational degrees of freedom of polymer chains. This is con-
sidered in the next section.

In Fig. 3 we show the dependence of the phase transition
temperature on the chain length. As one can see from Fig. 3,
there is no visible difference between the theoretical curve
and the experimental data �6� for chains containing more
than 30 elementary units. The theory gives slightly higher
temperatures of phase transition only for shorter chains. This
distinction may be connected with contribution of the trans-

lational entropy of the chain ends neglected in our model,
which is certainly correct for long chains. However, for the
ordered phase of short chains there are correlations in the
position of the chain ends that result in decreasing transla-
tional entropy and, hence, in decreasing the transition tem-
perature. This effect should be observed for the chains the
length of which is comparable with the molecule persistence
length or, more precisely, with the correlation length of a
chain along the axis of orientational ordering. The estima-
tions show that for � /�cr�0.79, this correlation length is
approximately equal to 40 units. The latter estimation refers
to the ordered phase, while for the disordered state the per-
sistence length is equal to eight units.

In Fig. 3�b� we demonstrate phase transition temperature
dependence on the reciprocal chain length. This dependence
is linear for chains longer than the persistence length, but one
can see some departure from linearity for shorter chains.
Such a deviation from the linear dependence has been ob-
served experimentally �6�.

The nonlinear dependence for short chains is related to a
possible coupling between rotational and bending degrees of
freedom due to anisotropy of bending. The latter effect is of
no importance for long chains and results in only a decrease
of the effective rigidity with the chain length increase.

VI. INFLUENCE OF THE ROTATIONAL DEGREES
OF FREEDOM ON THE PHASE TRANSITION

INTO ROTATOR PHASE

As we have seen in Fig. 3, the properties of short and long
chains are different. The short-long crossover occurs at mo-
lecular lengths of about 30-40 monomer units. Another way
of looking at these data is to consider the properties of the
correction function �0�N� in the self-consistent equation �26�
�Fig. 4�a��.

This function can be approximated by an exponential for
short chains �a dashed line�, and by a power function for
long chains �dotted line�.The region of a crossover in Fig.
4�a� coincides with the the region of a crossover for the
phase transition temperature shown in Fig. 3�a�. This com-
mon crossover chain length corresponds to the correlation
length of a chain along a nematic axis in the ordered state.
The latter is obvious from Fig. 4�b�, where the amplitude
� fl�N� of the orientation distribution difference of extreme
monomers of a chain increases at the beginning up to some

FIG. 3. The reduced temperature of phase transition into rotator
phase � /�cr as a function of chain length N �a� and of reciprocal
length 1/N �b� ��3=2, k�=4, E�=0.5E��. The points are the experi-
mental data �6�.
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characteristic length and decreases afterwards. Such a behav-
ior means that for a short chain, both its ends are located
within the persistence length of the chain, while in the case
of a long chain, the correlation between chain ends is of no
importance, and their state is governed by the averaged ori-
entational distribution.

The characteristic parameters of a chain in the ordered
state depend on parameter E� and this fact shows the impor-
tance of the rotational degrees of freedom. The latter state-
ment is supported by the experimentally observed nontrivial
dependence of the specific jump of entropy at phase transi-
tion �S�N�. It turns out that for quite long chains �N�30�
the entropy jump does not depend on length, while for short
chains �N�30� the entropy jump starts to depend on the
length of a chain �6� �see Fig. 5�a�, points�.

The theoretical calculation gives results very similar to
the experiment: the entropy jump �S�N� weakly decreases
for the chain length from 200 up to 40 units. However, for
the smaller lengths �with further chain length decrease�,
�S�N� sharply increases, passing through the minima at
N�40 monomer units. Thus, for N�40 the theoretical cal-
culation coincides with the experimental result. A slight dis-
agreement appears only for short chains �see Fig. 5�a��. The
reason for such disagreement is the same as in the case of
dependence of the phase transition temperature on chain
length. In both cases, the model does not take into account
translational entropy of the chain ends.

The difference in behavior of the entropy jump �S for
short and long chains, shown in Fig. 5�a�, can be explained

by taking into account that �S is defined by a ratio of energy
and temperature rather than by each of them separately. For
short chains, the effective persistent length along with the
effective rigidity decreases when the chain length is de-
creased. The latter results in a decrease of both transition
temperature and energy gain at ordering, so that their ratio
remains almost constant. This compensation is not complete
since the energy consists of two parts �bend and twist� and
the effective values of each one can depend differently on the
chain length.

As indicated above, the decrease of the effective chain
rigidity with the decrease of the length can be characterized
by the amplitude of deviation of orientation distribution of
the ends of a chain � fl�N�. It turns out that for the chosen
value of system parameters and for the chain length longer
than 40 monomers, the function � fl�N� practically coincides
with amplitude of the correction function �0�N� in Eq. �24�.
The latter means that in this case one gets almost full com-
pensation of change of energy and temperature, as can be
seen from Fig. 4�b�.

Another quantity that depends nonmonotonically on the
chain length is the order parameter 	. As shown in Fig. 5�b�,
the jump of the order parameter at the phase transition tem-
perature changes gradually for long chains, but one gets the
abrupt changes for short chains. Such behavior is quite dif-
ferent from that in the theory of nematic ordering of the
polymers, wherein a monotonic dependence is predicted �7�.
Unfortunately, due to lack of experimental data, it is impos-
sible to decide between these two possibilities.

The bend and twist degrees of freedom of polymer chains
are usually considered to be independent. This is true for the
disordered phase and for the rotator phase of infinitely long
macromolecules. However, for chains of finite length in the
orientation-ordered state, the bend and twist become corre-
lated since the different directions of chain orientation be-
come nonequivalent due to the local anisotropy of the bend-
ing rigidity of the chain. This correlation is of no importance
in the isotropic phase since the system is isotropic as a
whole. However, after transition into the ordered phase the
isotropy is broken. The anisotropy occurs only for directions
that are perpendicular to the axis of the nematic ordering,
while a system remains isotropic for the direction parallel to
the ordering axis. The correlation between bend and twist
becomes evident from the following considerations. The
most probable next step of monomer located at the plane
perpendicular to the nematic axis will be that in the direction
of the nematic axes. However, the necessary bend can occur
only if there is favorable polarization. This means that the
chain bend depends on polarization; i.e., on the activation
energy of the internal rotation. The latter fact is present in
our theory. Indeed, poles �1,2 in Eqs. �25� which determine
the characteristic scale of the chains, located in the plane
perpendicular to the ordering axis, depend on parameter �.

Interaction between bend and twist is different for long
and short chains. For long chains, the twist activation energy
E� divided by temperature T is quite small �E� /T�1�, and a
monomer located in a plane perpendicular to the ordering
axis will bend only in this plane and will remain there until
the polarization becomes favorable for returning the chain in
the direction of the nematic axis. This is the very reason the

FIG. 4. The correction function �0�N� in the self-consistent Eq.
�26� �a� and the amplitude � fl�N� of the difference of orientation
distribution of the end of a chain from the orientation distribution of
its beginning as a function of the length of a chain at phase transi-
tion temperature �b�. The dashed and dotted lines represent the ex-
ponential �coincides with �0�N� for N�20� and power dependence
�coincides with �0�N� and � fl�N� for N
30�, respectively.

FIG. 5. Dependence of the specific entropy jump �S�N� /�S�

�a� and of the order parameter 	 �b� on chain length N at the phase
transition temperature. The continuous lines are the theoretical es-
timates for parameters �3=2, k�=4, E�=0.5E�, where the points
represent the experimental data �6�.
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order parameter of long chains will not increase with a de-
crease in chain length.

The opposite situation occurs for short chains when
E� /T�1, and the chain returns to the direction of the order-
ing axis without a change in the polarization. In other words,
the rotational degree of freedom is “frozen.” The ordering of
a rotational degree of freedom results, in particular, in a
breakdown of the compensation mechanism discussed above.
Then the jump of the specific entropy at phase transition
starts to increase with the decrease of the chain length. For
the same reason, the order parameter will sufficiently in-
crease.

VII. CONCLUSION

Our analysis shows that there are two important factors in
the process of the rotator phase formation: the local aniso-
tropy of bending rigidity of a macromolecule and the restric-
tions in chain conformations in the rotational phase caused
by this anisotropy. The local anisotropy of bending rigidity
of a macromolecule does not show up in the isotropic phase,
but the local anisotropy becomes important for the ordered
state in regions perpendicular to the nematic axis.

If the twist energy is large in comparison with the bend
energy �E��E��, i.e., the probability of the change of a
chain polarization is low, the rotational degree of freedom is
frozen in a plane perpendicular to the nematic axis. In the
opposite limit, when the probability of polarization change is
high �E��E��, the fast polarization change restores com-
pletely the broken isotropy, and rotational degrees of free-
dom are of no importance in the process of formation of the
rotator phase.

For the intermediate values of the twist activation energy
�E��0.5E��, the behavior will be different for long and
short macromolecules. Only weak restrictions on rotational
degrees of freedom arise in regions perpendicular to the
nematic axis for long chains. These restrictions will be more
severe with a decrease in the length of a chain. However, for
short chains, these restrictions will be weaker due to effec-
tive ”softening” of the short chains. This compensation of the
two factors explains the fact that the jump of the entropy at
the phase transition does not depend on the chain length.
”Freezing” of the rotational degree of freedom in the disor-
dered part of a macromolecule results in the break of the
compensation mechanism for short chains. Both the bend
and twist degrees of freedom are related to a tranes-gauche
isomerism of normal alkanes, whereas the distinction be-
tween them is caused by the steric �geometrical� restrictions.
The used ratio of the activation energies of a bend and twist
�E��0.5E�� seems to be reasonable, and, indeed, the results
of our theory are in good agreement with experimental data.

It seems plausible that our analysis opens the way to un-
derstanding the existence of five different types of the rota-
tional phase. Indeed, the properties of the different rotational
phases are connected with the extent of ordering of the rota-
tional degree of freedom, since the interchain interaction in
the ordered polymer system depends on the relative polariza-
tions of interacting monomers. Therefore, one must take into
account the energy dependence of the interchain interaction

on the extent of the ordering of the rotational degree of free-
dom of a polymer. It is this problem that has been analyzed
in the present model.
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APPENDIX A: THE GENERATING FUNCTION FOR THE
ISOTROPIC SYSTEM

We consider arbitrary distribution of polarizations along a
chain with a positive polarization of the extreme left mono-
mer. Let us divide the whole chain into K segments, each
containing two parts with different polarizations. The num-
ber of monomers with positive polarization in a kth segment
�k=0,1 , . . . ,K� is nk, and those with negative polarization
are mk, where nk, mk=0,1 ,2 , . . .. The probabilities to form
the first and the second parts of the kth segment of a chain
are equal to ��1−���1−���nk and ��1−���1−���mk, respec-
tively. The change of polarization takes place at the twist or
bend. The direction of the bend depends on the polarization
of the unit in which this bending occurs. The probability of a
chain twist without a bend is equal to �1−���, and the prob-
ability of a chain bend is equal to �1−���1−��.

The first part �positive polarization� of the kth chain seg-
ments is associated with the propagator ��1−���1−���nk,
while the second one �negative polarization� is associated
with the propagator ��1−���1−���mk. The positive-negative
polarization switching is defined by factor B+, and the oppo-
site one is defined by factor B−, where

B+ = ��1 − ��� � 0

0 �1 − ��� �

� 0 �1 − ���
�, B−

= ��1 − ��� 0 �

� �1 − ��� 0

0 � �1 − ���
� �A1�

Thus, each of the kth segments of the chain �except of the
last one� is defined by the following factor:

B−��1 − ���1 − ���mkB+��1 − ���1 − ���nk. �A2�

The product of these factors describes the whole chain
composed of K rectilinear segments

�
k=1

K

�B̂−��1 − ���1 − ���mkB̂+��1 − ���1 − ���nk� . �A3�

Depending on the polarization of the chain end, additional
factors have to be added to Eq. �A3� from the left. Namely, if
the chain end has negative polarization, this factor will be
��1−���1−���mK+1B+��1−���1−���nK+1, and if the chain end
has positive polarization, this factor will be ��1−���1
−���nK+1.
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The following expression corresponds to the chain with
positive polarization at the two ends:

��1 − ���1 − ���nK+1�
k=1

K

�B−��1 − ���1 − ���mkB+��1 − ��

��1 − ���nk� . �A4�

Analogously, for the chain which has the positive polar-
ization at one end and the negative polarization at the other
end, one gets

��1 − ���1 − ���mK+1B+��1 − ���1 − ���nK+1�
k=1

K

�B−��1 − ���1

− ���mkB+��1 − ���1 − ���nk� . �A5�

The obtained expression has to be averaged over all the
possible lengths of each chain segment with a given polar-
ization on condition that the total length N of a chain is fixed,
which gives

Ḡ+,+�N� = �
K

�
�nk,mk�

��1 − ���1 − ���nK+1��
k=1

K

�B−��1 − ���1

− ���mkB+��1 − ���1 − ���nk��
�k=1

K mk+nk+2K=N

,

�A6�

Ḡ−,+�N� = �
K

�
�nk,mk�

��1 − ���1 − ���mK+1B+��1 − ��

��1 − ���nK+1��
k=1

K

�B−��1 − ���1 − ���mkB+��1

− ���1 − ���nk��
�k=1

K mk+nk+2K=N

. �A7�

One can overcome the difficulties associated with the re-
strictions in the summation by using the technique of the
generating function which reduces the problem to the sum-
mation of two infinite geometric series,

G+,+��� = D����
K

�

��2D2���B−B+�K

= D����Î − �2D2���B−B+�−1, �A8�

G−,+��� = �D2���−B+�
K

�

��2D2���B−B+�K = �D���−B+G+,+��� ,

�A9�

where G±,+���= �
N=1

�

�NG� ±,+�N�.

Finally the generating functions for the chain with the
same negative polarizations at the two ends �G−,−� and with
opposite polarizations �G+,−� have the following form:

G−,−��� = D����
K

�

��2D2���B+B−�K

= D����Î − �2D2���B+B−�−1, �A10�

G+,−��� = �D2���B−�
K

�

��2D2���B+B−�K = �D���B−G−,−��� ,

�A11�

with D���=�
n

���1−���1−���n= �1−��1−���1−���−1.

APPENDIX B: THE GENERATING FUNCTION FOR THE
ORDERED SYSTEM

The construction of a generating function in the case of
broken symmetry requires some extension compared with
the isotropic system considered in Appendix A. Namely, the
propagator �1−���1−�� and the matrixes B± describing the
bends of the chain, are to be modified

�1 − ���1 − ��

→�D0
− = �1 − ���1 − � 0 0

0 1 − �+ 0

0 0 1 − �−
� ,

D0
+ = �1 − ���1 − �+ 0 0

0 1 − � 0

0 0 1 − �−
� ,�
�B1�

B+ → B̂+ = ��1 − �+�� � 0

0 �1 − ��� �−

�+ 0 �1 − �−��
� , �B2�

B− → B̂− = ��1 − ��� 0 �−

� �1 − �+�� 0

0 �+ �1 − �−��
� . �B3�

Revising the argumentation of Appendix A, one obtains
the following expressions for the generating function for a
chain with the positive polarization of both ends:

Ĝ+,+��� = �
K

�
�nk,mk�

��D0
+�nK+1�

k=1

K

��B̂−��D̂0
−�mk�B̂+��D0

+�nk�

= D+����Î − �2B̂−D−���B̂+D+����−1, �B4�

with

D+��� = �1 − �+ − �+ 0 0

0 1 − � − � 0

0 0 1 − �− − �−
� ,
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D−��� = �1 − � − � 0 0

0 1 − �+ − �+ 0

0 0 1 − �− − �−
� , �B5�

where �±,0=��±,0 /z±,0, �±,0=��1−�±,0�� /z±,0, z±,0=1− �1
−���1−�±,0��, �±,0+�±,0=1− �1−�� /z±,0 �“0” corresponds to
index absence�.

The matrix I−�2B̂−D−���B̂+D+��� can be rewritten as

Î − �B̂−D−���B̂+D+��� = �1 − ��D0��� + W���

= �1 − ���I +
1

1 − �
W���

�D0
−1����D0��� , �B6�

with

W��� = ��+� + �−�+ − �� − �−�−

− �+� �� + ��+ − �+�−

− �−�+ − ��+ �−�− + �+�−
�, D0���

= �d1 0 0

0 d2 0

0 0 d3
� �B7�

and d1=1/z++�+ /z+�+ /z−, d2=1/z+� /z++� /z, d3=1/z−
+�− /z−+�− /z+.

The convenience of expression �B6� lies in the fact that
the determinant of the matrix W��� is equal to zero. The
latter allows one to transform matrix W���D0

−1��� into diag-
onal form, W���D0

−1���=O ·� ·O−1, where � is the diagonal
matrix. Thus, we have

1

1 − �
�Î +

1

1 − �
W���D0

−1����−1

= G0��� = ���0
1

1 − �
��̃�0 + �

j=1,2
��� j

1

1 − � + 
 j���
��̃� j ,

�B8�

where 
1,2��� are the nonzero eigenvalues of the matrix

W���D0
−1��� �
0=0�, and ���i and ��̃� j are the columns and

rows of matrixes O and O−1, respectively.
The generating function for the chains with arbitrary po-

larizations at its ends can be achieved analogously in an iso-
tropic case by the use of matrix G0���:

Ĝ+,+��� = D+���D0
−1���G0��� , �B9�

Ĝ−,+��� = �D−���B̂+Ĝ+,+��� , �B10�

Ĝ−,−��� = VĜ+,+���V , �B11�

Ĝ+,−��� = VĜ−,+���V , �B12�

where V= �1 0 0
0 0 1

0 1 0

�.

APPENDIX C: THE FREE ENERGY OF A POLYMER
CHAIN

The free energy of a chain having a given fraction nz of
monomers oriented along the z-axis, where nz= �1+	� / �3
−	�, is defined by the following expression:

exp�−
NF�	,T�

T
� = �

Nx+Ny+Nz=N

N!

Nx!Ny!Nz!
nx

Nxny
Nynz

Nz

�exp�−
N�F̃�	,T�

T
�

=
N!

Nz!�N − Nz�!
	 nz

n�


Nz

exp�
−

N�F�	,T�
T

� , �C1�

where N is the number of units in a macromolecule; Ni �i
=x ,y ,z� are the numbers of units that are oriented along the
ith axis; ni are the probabilities of orientations of polymer
chain units parallel to the ith axis given by Eq. �16�; nx=ny

=n�, nz=Nz /N. The factor �F̃�	 ,T�=�F�	 ,T�+T ln�2n��
takes into account the correlations in the monomer sequence.

Taking the logarithm of Eq. �C1� and using the Stirling
formula, one gets the free energy per monomer,

F�	,T� =
T

3 − 	
��1 + 	�ln�1 + 	� + 2�1 − 	�ln�1 − 	�

− �3 − 	�ln	1 −
	

3

 − �1 + 	�ln	 r�	,T�

w�	,T�
�
+ �F�	,T� , �C2�

where functions r�	 ,T� and w�	 ,T� have been defined in Eq.
�18�.

Using �C2�, one gets for the steady states

�F�	,T�
�	

= 0 =
4T

�3 − 	�2�ln	1 + 	

1 − 	

 − ln	 r�	,T�

w�	,T�
�
− T

1 + 	

3 − 	

�

�	
ln	 r�	,T�

w�	,T�
 +
��F�	,T�

�	
. �C3�

The expression in the square brackets corresponds to the
right-hand side of Eq. �18� which can be transformed into the
following form:

T�ln	1 + 	

1 − 	

 − ln	 r�	,T�

w�	,T�
� = 0. �C4�

Therefore, the derivation of the free energy is defined by
the following condition:

�F�	,T�
�	

=
4T

�3 − 	�2�ln	1 + 	

1 − 	

 − ln	 r�	,T�

w�	,T�
� = 0,

�C5�

and, using Eq. �C3�, one gets the function �F�	 ,T�:
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�F�	,T� = T�
0

	 1 + x

3 − x

� ln�r�x,T�/w�x,T��
�x

dx

= T
1 + 	

3 − 	
ln	 r�	,T�

w�	,T�

− 4T�

0

	

ln	 r�	,T�
w�	,T�
 dx

�3 − x�2 . �C6�

The final expression for the free energy per one monomer
of the macromolecule is obtained by integration of Eq. �C5�,
which gives

F�	,T� =
T

3 − 	
��1 + 	�ln�1 + 	� + 2�1 − 	�ln�1 − 	�

− �3 − 	�ln	1 −
	

3

�

− 4T�
0

	

ln	 r�	,T�
w�	,T�
 dx

�3 − x�2 . �C7�

We omit in Eq. �C7� all the terms which do not depend on
the 	, and the bottom limit of integration meets the condition
F�	=0,T�=0.

APPENDIX D: THE ACCOUNTING OF THE CHAIN
LENGTH FINITENESS

The nonzero eigenvalues 
1,2 of the matrix W���D0
−1���

�compare �13�� are the roots of the quadratic equation 
2

−Tr�W���D0
−1����
+Tr�M����=0, where M is the matrix of

minor determinants of the matrix W���D0
−1���. These roots

take the following form:


1,2 =
1

2
Tr�W���D0

−1���� ±�1

4
Tr�W���D0

−1����2 − Tr�M���� ,

�D1�

where

Tr M̂ = M11 + M22 + M33 =
W22W33 − W23W32

d2d3

+
W11W33 − W13W31

d1d3
+

W11W22 − W12W21

d1d2
,

Tr�Ŵ���D̂0
−1���� =

W11

d1
+

W22

d2
+

W33

d3

=
�+� + �−�+

d1
+

�� + ��+

d2

+
�−�− + �+�

d3
.

Only two poles �1,2 with the smallest absolute magnitudes
are to be taken into account in Eq. �13�. All the other poles
give a negligible contribution for chains longer than ten

monomers. Note that these two poles correspond to pole �3
in Eq. �8�, which splits into 2 as a result of the broken sym-
metry.

The orientational distribution of a chain of arbitrary
length can be written as

�nx

ny

nz
� =

1

r�	� + 2w�	��w�	�
w�	�
r�	�

� + ��+�	��+�N,�1,�2�

+ �−�	��−�N,�1,�2��� 1

1

− 2
� , �D2�

where

�±�N,�1,�2� =
1

2
��2�N,�2� ± �1�N,�1��, �1,2�N,�1,2�

=
1 − exp�− N/N1,2�

N/N1,2
,

N1,2 = 1/ln��1,2�, �±�	� = �2�	� ± �1�	�, �1,2

= ��̃ = �1,2�1,2�1 − 	

1 − 	

1 + 	
� . �D3�

The explicit form of function �+�	� can be found by use
of the limiting form of functions �±�N ,�1 ,�2� for N→0;
namely, �+�N→0,�1 ,�2�→1 and �−�N→0,�1 ,�2�→0.
Then, nx=ny = �1−	� / �3−	� and nz= �1+	� / �3−	�, which
result in

�+�	� =
1 − 	

3 − 	
−

w�	�
r�	� + 2w�	�

= −
1

2
�1 + 	

3 − 	
−

r�	�
r�	� + 2w�	�� . �D4�

Hence, the orientational distribution of the chain units can
be written as

�nx

ny

nz
� =

1 − �+�N,�1,�2�
r�	� + 2w�	� �w�	�

w�	�
r�	�

� +
�+�N,�1,�2�

3 − 	 �1 − 	

1 − 	

1 + 	
�

+ �−�	��−�N,�1,�2�� 1

1

− 2
� , �D5�

and the self-consistent equation for a chain of arbitrary
length will have the following form:

w�	� +
3 − 	

1 + 	
�−�	��r�	� + 2w�	���0�N,�1,�2� =

1 − 	

1 + 	
r�	� ,

�D6�

with �0�N ,�1 ,�2�=�−�N ,�1 ,�2� /�+�N ,�1 ,�2�.
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